The extraordinary accuracy of available helioseismological data presents an opportunity to study nonideal plasma e ects of the solar interior beyond the leading-order Coulomb correction term. The e ect of di erent internal partition functions on a complete set of thermodynamical quantities is examined and it is found that there is a clear signature of the excited states well within reach of present helioseismic inversion techniques.
Introduction
The equation of state is one of the three fundamental ingredients used to construct stellar models (Christensen-Dalsgaard et al. 1996) . The other two are opacity and nuclear energy reaction rates. One star -the Sun -is very special in two respects. First, the methods of helioseismology allow us to obtain very accurate experimental data of the solar interior (in particular, sound speed and density). Second, in the solar convection zone helioseismology presents an opportunity to isolate the question of the equation of state from opacity and nuclear reaction rates, since the strati cation is essentially adiabatic and thus determined by thermodynamics .
The plasma of the interiors of \normal" stars, such as the Sun, is only slightly non-ideal. One would therefore think that at least for such stars nding a good equation of state is not too di cult. Indeed, simple models of the equation of state have been quite successful in many aspects of stellar structure and evolution. However, the extraordinary accuracy of the helioseismological data led to the further re nement of the idea what a \good" equation of state for the Sun should be. This has been recognized in the early 80s and models with improved equations of state were used in helioseismic studies (e.g. Berthomieu et al. 1980; Lubow et al. 1980; Ulrich 1982; Ulrich and Rhodes 1983; Shibahashi et al. 1983; 1984; Noels et al. 1984) .
The discrepancies between the experimental data and the simple models results have been successfully identi ed as the signatures of various non-ideal phenomena. The most obvious of these phenomena has to deal with the Coulomb interaction between charged particles, pressure ionization, and the e ects of the internal partition functions of bound systems on the thermodynamical properties of solar plasma. Though these phenomena are only small corrections in such a weakly coupled system, they clearly surpass the uncertainty of the experimental data. Helioseismology can therefore be used to test the validity of the di erent nonideal correction terms implemented in the various equations of state.
Such analyses involving several popular equations of state have shown on the one hand the necessity to include the leading Coulomb correction (expressed by the Debye-H uckel approximation) in order to meet the helioseismological constraints (Christensen-Dalsgaard et al. 1988; Christensen-Dalsgaard and D appen 1992; Christensen-Dalsgaard et al. 1996) . On the other hand, even those equations of state that do include the leading Coulomb correction di er from the solar data by more than the observational uncertainty. They also di er discernibly among themselves, thus revealing the importance of the treatment of the nonideal e ects beyond the leading Coulomb term. Thus, though the solar plasma looks conceptually much simpler than a strongly coupled many-body system, the necessity to compute the solar plasma so accurately requires a substantial e ort, comparable to the studies of more strongly-coupled plasmas. With this, helioseismology can make a contribution to the study of thermodynamic properties of Coulomb systems under conditions unattainable on Earth.
In this paper we have examined the signature of the internal partition function in the equation of state. More precisely, we have systematically studied the e ect of di erent internal partition functions on a complete set of thermodynamical quantities and we found a clear, seismically accessible signature of the internal partition function. Mihalas et al. 1988; D appen et al. 1988) . It is based on the minimization of a free energy, in which the modi cations of atomic states by the surrounding plasma are expressed in a heuristic and intuitive way through occupation probabilities. 
Here, the index runs over neutral particles, the index runs over charged ions (except electrons), r is is the radius assigned to a particle in state i of species s, is is the (positive) binding energy of such a particle, k is is a quantum-mechanical correction, and Z s is the net charge of a particle of species s. Note that ln w is / ?n 6 for large principal quantum numbers n (of state i), and hence provides a density-dependent cut-o for Z internal s .
The physical picture provides a systematic method to include nonideal e ects. An example is the equation of state underlying the OPAL opacity project (Iglesias and Rogers { 6 { 1991; Rogers and Iglesias 1992) at Livermore (Rogers 1986; Rogers et al. 1996) . OPAL starts out from the grand canonical ensemble of a system of the basic constituents (electrons and nuclei), interacting through the Coulomb potential. Con gurations corresponding to bound combinations of electrons and nuclei, such as ions, atoms, and molecules, arise in this ensemble naturally as terms in cluster expansions. E ects of the plasma environment on the internal states, such as pressure ionization, are obtained directly from statistical-mechanical analysis, rather than by assertion as in the chemical picture.
Quite recently, the set of improved stellar equations of state was augmented by one based on the path-integral formalism in the framework of the Feynman-Kac representation. This formalism leads to a virial expansion of the thermodynamic functions in power of the total density of a Coulomb plasma (Alastuey and Perez 1992; Alastuey et al. 1994; 1995) . The nite truncation to order % 5=2 in total density limits its domain of validity to a temperature and density regime close to the conditions of full ionization. Despite this limitation, the Feynman-Kac approach will soon be applied to large parts of stellar interiors (Perez and D appen 1998) .
A helioseismological comparison of models with the MHD and OPAL equation of state shows that they lie quite close (Basu and Christensen-Dalsgaard 1997) , re ecting the fact that both MHD and OPAL contain the leading Coulomb e ects. One of the possible causes for the discrepancy between MHD and OPAL models is the di erent treatment of the internal partition functions. In the MHD formalism, the internal partition function (Eq. 1) is introduced by assertion based on occupation probabilities (Eq. 2) taken from a micro eld approach . Furthermore, in MHD, the separation of the quantum-mechanical from the quantum-statistical problem is done in a heuristic way. In contrast, the OPAL equation of state is based on a systematic virial expansion of the grand-canonical partition function; it ends up with the so-called Planck-Larkin e ective { 7 { partition function for the compound particles.
The helium-abundance determination and the internal partition function
So far the most sophisticated analysis, for which details like excited states matter, has been the helioseismic helium-abundance determination. The key idea of this heliumabundance determination is based on the in uence of the second ionization zone of helium on the adiabatic exponent 1 = (@ ln p=@ ln %) s (s being speci c entropy). Ionization lowers 1 from its ideal-gas value of 5/3, and therefore 1 exhibits \dips" corresponding to the ionization of hydrogen, helium, and heavy elements. Obviously, the depth of of these dips depends on the abundance of the respective species. Although the dip of the hydrogen ionization zone would be the most prominent of all, it cannot be used in practice, because it is entangled with uncertainties arising from stellar convection. In the same way, the rst helium-ionization zone is not useful, because it coincides with the hydrogen ionization zone. However, the second helium ionization zone shows up in a clean and isolated way, and at its location the strati cation is nearly adiabatic, thus removing most of the uncertainty associated with details of convection (Gough 1984; Kosovichev et al. 1992; Antia and Basu 1994) . Using a theoretical equation of state, a value of the helium abundance is sought that ts the observed data. Obviously this method depends on the equation of state, speci cally on the treatment of the internal partition functions (D appen 1987; Antia and Basu 1994) . Gough (1984) predicted that helioseismology could at the same time put constraints on the helium abundance and the equation of state by reasoning that in the convection zone the helium abundance would be constant and therefore it would not be su cient merely to readjust the helium abundance to compensate for a possible di erence in 1 due to an inadequate equation of state. The helioseismic helium-abundance determinations done so far have not fully exploited the power to constrain the equation of state. However, sensitivity and consistency studies were made (D appen 1987; Antia and Basu 1994; Vorontsov et al. 1991) . Finally, in principle, heavy elements can also be studied in this way (for a rst analysis, see Vorontsov et al. 1994). 3. Thermodynamic quantities and internal partition functions 3.1. Sets of thermodynamic quantities Thermodynamic quantities can be de ned through the derivatives of a thermodynamic potential. The classi cation of thermodynamic quantities is based on the highest order of the derivatives involved and it obviously depends on the particular choice of the potential.
As an example, pressure p = ?(@F=@V ) T is a rst-order quantity with respect to free energy, whereas with respect to the grand potential = ?pV it is a zero-order quantity. In this paper we intend to follow the most conventional choice, which is based on free energy, since its canonical conjugate variables are temperature, volume and particle number, quantities that can be directly controlled in laboratory experiments.
Statistical mechanical modeling of a plasma consists in constructing a thermodynamic potential, from which all thermodynamic quantities follow. Although subtle physical details due to small nonideal corrections might be hardly discernible in the potentials themselves, they could be ampli ed as we go to higher and higher derivatives. Helioseismology has the power to detect these nonideal e ects, because it allows us to infer higher-order thermodynamic quantities through inversions of the frequencies of solar oscillation modes. Except in a shallow surface layer, the modes are nearly perfectly adiabatic. Helioseismic inversions yield adiabatic sound speed, a second-order thermodynamic quantity, as a function of depth (for a recent review see Gough et al. 1996) . The derivative of sound speed, which in principle should be even more sensitive to plasma e ects, cannot be easily exploited at the current level of observational accuracy, because the ensuing di erentiation would inevitably also amplify the observational uncertainties. However, in the special case of the helium abundance determination (see subsection 2.2), it was possible to use the derivative of sound speed (Kosovichev et al. 1992; Antia and Basu 1994) . But even if the current level of accuracy constrains us to second-order quantities, there is no reason why helioseismic inversions should be focused exclusively on sound speed. Other second-order quantities might prove to be even more sensitive to particular physical e ects than sound speed, even if inversion techniques for such quantities might require additional physical assumptions. Therefore, we have studied a complete set of second-order thermodynamic quantities to look systematically for the signature of the internal partition function. The three dimensionless quantities we have studied are % = (@ ln p=@ ln %) T ; 
where s stands for speci c entropy. These three quantities can all be explicitly expressed by the second-order derivatives of the free energy. Disregarding changes in particle numbers, the resulting expressions for % and T are 
which becomes an explicit function of the derivatives of the free energy using equations (6,7) and the following expression for the speci c heat at constant volume
For more general expressions involving changes in particle numbers, including those caused by reactions, see e.g. D appen et al. (1988) .
Sets of internal partition functions
We have used a speci cally modi ed MHD code to examine di erent situations, on the one hand by switching on and o the contribution of the excited states, and on the other hand by modifying the standard MHD occupation probabilities of Hummer and Mihalas (1988) . Furthermore, in order to separate the e ects of the excited states from those of the presence of helium, we have applied these modi cations to hydrogen only even in the case of a hydrogen-helium mixture.
So far, there has been no possibility to perform similar experiments with the OPAL equation of state, because the latter is only available in the form of pre-computed equation of state tables (Rogers et al. 1996) . Nevertheless, we have simulated the e ect of the excited states in the OPAL formalism at the hand of an appropriate modi cation of the MHD equation of state. For this we have replaced the standard MHD internal partition function (Eq. 2) with so-called Planck-Larkin partition function that appears in OPAL (e.g. Rogers 1994) .
where E n is the energy of the n-th level with respect to the continuum, g n is its statistical weight, and k and T are Boltzmann constant and temperature, respectively.
We consider the ve cases:
MHD: standard MHD occupation probabilities (Eq. 2).
MHD GS : The standard MHD internal partition function of hydrogen truncated to the ground state (GS) term.
OPAL: OPAL tables (version of November 1996)
MHD PL : standard MHD internal partition function of hydrogen replaced by the Planck-Larkin partition function (Eq. 10). MHD PL;GS : MHD PL truncated to the ground state term.
The e ect of the inclusion of the excited states in the internal partition function is manifest in the di erences between MHD and MHD GS , and between MHD PL and MHD PL;GS , respectively. The e ect of the di erent occupation probability of the ground and excited states shows up in the di erence between MHD and MHD PL , and between MHD GS and MHD PL;GS .
Results and discussion
Since the rst ionization zone of helium largely coincides with that of hydrogen, we rst provide a tool to examine the e ect of the internal partition function separately from that of the presence of helium. Therefore, we rst consider a hydrogen-only plasma, and then we repeat all calculations for a hydrogen-helium mixture.
Hydrogen plasma
The temperatures and densities of our calculations have been arranged to mimic the conditions of the convection zone in the solar interior. For the rst calculation, in which we only model hydrogen, we have adjusted the density away from the solar density, such that the resulting pressure is the same as in the Sun. Figure 1 shows the temperature and density track used in the hydrogen-only case (solid line) along with the one of the hydrogen-helium case (dashed line).
EDITOR: PLACE FIGURE 1 HERE. Figures 2-4 show the three quantities % , T , and 1 (Eqs. 3-5). Figure 5 shows pressure. Each of these gures has an absolute display (panel a) and a relative one with respect to MHD GS (panel b).
EDITOR: PLACE FIGURE 2 HERE.
EDITOR: PLACE FIGURE 3 HERE. It emerges that in the absolute plots the treatment of the internal partition function is best visible in % , while it appears to be buried in either T or 1 . However, this seemingly higher sensitivity of % is entirely due to its lowest \dynamic range" through the hydrogen ionization zone. The relative plots (panels b) clearly reveal that the e ect of the internal partition function is equally marked in the other quantities, in particular in the seismologically relevant 1 .
The MHD equation of state with its speci c, density-dependent occupation probabilities (2) is causing a characteristic wiggle in the thermodynamic quantities. We point out that the presence of excited states is crucial, because MHD GS still has a density-dependent occupation probability of the ground state, but the wiggle does not show up. We also point out that the wiggle, which is a genuine neutral-hydrogen e ect, is present despite the fact that most of hydrogen is already ionized. Indeed, in the range of the wiggle (log T =4.7-5.2), the fraction ionized hydrogen increases from 90-97%.
It also emerges that although MHD PL is somewhat arti cial (being MHD without its characteristic density-dependent occupation probabilities), it is the one whose thermodynamics agrees closest with OPAL. This seems to con rm the assertion (e.g. Ebeling et al. 1976; Rogers 1994 ) that the physical picture equation of state can indeed be mapped into a free-energy formalism, provided the Planck-Larkin partition function is adopted. This despite the fact that in principle the Planck-Larkin partition function has no basis in the chemical picture.
Hydrogen-helium plasma
Following current standard solar models, which include helium settling, we have chosen a mixture of hydrogen and helium in the ratio of 0.74:0.26 by mass. Temperature and densities (dashed line of Fig 1) are taken from reference model S of Christensen-Dalsgaard et al. 1996) . However, for our qualitative analysis we have replaced the 2% of heavier elements with helium. This procedure can be justi ed, because in an equation of state the contribution of a given element is proportional to its abundance by number, not by mass. Furthermore, the heavier elements are ionized deeper down in the Sun than hydrogen and helium, which are the focus of the present study. However, this does not rule out a determination of the heavy elements in future helioseismic studies (for a precursor see, e.g., Vorontsov et al. 1994 ). Similar to the previous subsection, Figures 6-8 show % , T , and 1 , and Figure 9 pressure. EDITOR: PLACE FIGURE 6 HERE.
EDITOR: PLACE FIGURE 7 HERE.
EDITOR: PLACE FIGURE 8 HERE.
EDITOR: PLACE FIGURE 9 HERE.
Once more, in the absolute plots (panels a), only % demonstrates a sensitivity to the choice of the internal partition function of hydrogen. As mentioned in subsection 3.2, we keep the partition functions of helium and singly-ionized helium the same (Eq. 1) in the four cases MHD, MHD GS , MHD PL , and MHD PL;GS . In contrast to the case of pure hydrogen, the wiggle due to the excited states of hydrogen is now modulated onto a similar feature caused by the presence of helium. This helium feature is most prominent in 1 , where it is associated with the so-called helium hump, used successfully in the helioseismological helium-abundance determination (see subsection 2.2).
Conclusion
We have examined the e ect of di erent internal partition functions on a complete set of three thermodynamical quantities. We found a clear signature of the internal partition function. Two features seem especially unexpected. First, the signature is strongest when most (90-97%) of the hydrogen is already ionized. Second, measured relative to the overall change of a thermodynamic quantity due to ionization, the signature of the excited states appears most prominent in the quantity % and less in T and 1 . Based on a simple consideration, the opposite might have been expected. To see why, we rst notice that Equations (6-7) show that % is proportional to (@ 2 F=@V 2 ) T , and T to (@ 2 F=@T @V ). Therefore, in contrast to T , % does not contain a temperature derivative. One might think that the temperature derivatives in thermodynamic quantities would be responsible for the sensitivity to the ne details of the internal partition function due to the Boltzmann factor, and therefore % might be expected to be less sensitive to details in the internal partition function.
However, our results show that it is precisely the other way around. The thermodynamic quantity % , which involves only density derivatives is, at least for solar conditions, the most sensitive (compared with its overall variation due to ionization). Most likely this is due to the density dependence of the occupation probabilities appearing Eq. (2). This dependence is ampli ed when the free energy is di erentiated.
As far as the helioseismic relevance of the e ect is concerned, we emphasize that the e ect of the excited states is present in the other two quantities T and 1 as well, with the same magnitude as in % . According to Eq. (8), this has to be so, because the e ect in % is also contained in 1 . More speci cally, Eq. (8) and our results show that the rst term of the right-hand side of Eq. (8) causes the overall variation of 1 due to ionization.
Subtracting this variation from 1 by a ltering technique would yield as a residual quantity % , which could best reveal the ne e ects of the internal partition functions. Another possibility would be an indirect measurement of % in the same way helioseismologists constrain quantities such as helium abundance or entropy. This is done in so-called secondary inversions which make assumptions on the equation of state. In contrast, primary inversions deliver density and sound speed. But even without such re nements, direct helioseismic inversions for 1 should be able to reveal the e ect of the internal partition function even with present observational data. Recent analyses have demonstrated that the size of the e ect discussed in the present paper is well within the power of helioseismology (Basu and Christensen-Dalsgaard 1997) .
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